ABSTRACT
INTRODUCTION
Fuzzy set was introduced by Zadeh [1] , and later on several researchers worked in this field. As a natural advancement of these research works we get, the idea of intuitionistic fuzzy sets propounded by Atanassov [2, 3] , that is a generalisation of the notion of fuzzy set.
Imai and Iseki [4, 5, 6] introduced two classes of abstract algebras BCK-algebras and BCI-algebras. It is known that the class of BCK-algebra is a proper subclass of the class of BCI-algebra. In 1991, Xi [7] introduced the concept of fuzzy set to BCK-algebras. Then in 1992, Huang [8] gave another concept of fuzzy set to BCI-algebras. Following the same rout in 1994, Jun [9] established the definition of doubt fuzzy subalgebra and doubt fuzzy ideal in BCK/BCI-algebras to avoid the confusion created in [8] Huang's definition of fuzzy BCI-algebras and gave some results about it.
In 2000, Jun and Kim [10] explored the intuitionistic fuzzy subalgebra and intuitionistic fuzzy ideal in BCK-algebras. In the recent past in 2012 Solairaju and Begam [11] provided a noble relationship between an intuitionistic fuzzy ideal and an intuitionistic fuzzy P-ideal with some characterisation of intuitionistic fuzzy P-ideals. Also, Senapati et al. have presented several results on ‫/ܭܥܤ‬ ‫-ܫܥܤ‬algebras, ‫-ܩܤ‬algebra and ‫-ܤ‬algebra [12, 13, 14, 15, 16] .
In this ambitious paper, we are going to introduce the concept of doubt intuitionistic fuzzy subalgebra and doubt intuitionistic fuzzy ideal in BCK/BCI-algebras and to study some of their properties. We show that in BCI/BCK-algebras, an intuitionistic fuzzy subset is a doubt intuitionistic fuzzy ideal if and only if the complement of this intuitionistic fuzzy subset is an intuitionistic fuzzy ideal. Also we provide relations between a doubt intuitionistic fuzzy subalgebra and a doubt intuitionistic fuzzy ideal in BCK/BCI-algebras.
PRELIMINARIES
We first recall some basic concepts which are used to present the paper. An algebra (ܺ; * ,0) of type (2,0) is called a ‫-ܫܥܤ‬algebra if it satisfies the following axioms for all ‫,ݔ‬ ‫,ݕ‬ ‫ݖ‬ ∈ ܺ :
In a ‫-ܫܥܤ/ܭܥܤ‬algebra, ‫ݔ‬ * 0 = ‫ݔ‬ hold. A partial ordering "≤" on a ‫-ܫܥܤ/ܭܥܤ‬algebra ܺ can be defined by ‫ݔ‬ ≤ ‫ݕ‬ if and only if ‫ݔ‬ * ‫ݕ‬ = 0. Any ‫-ܭܥܤ‬algebra ܺ satisfies the following axioms for all ‫,ݔ‬ ‫,ݕ‬ ‫ݖ‬ ∈ ܺ :
If a ‫ܭܥܤ‬ -algebra satisfies ‫ݔ‬ * ‫ݔ(‬ * ‫)ݕ‬ = ‫ݕ‬ * ‫ݕ(‬ * ‫)ݔ‬ for all ‫,ݔ‬ ‫ݕ‬ ∈ ܺ, then it is called commutative.
Throughout this paper, ܺ always means a ‫-ܫܥܤ/ܭܥܤ‬algebra without any specification. A non-empty subset ܵ of a ‫-ܫܥܤ/ܭܥܤ‬algebra ܺ is called a subalgebra of ܺ if ‫ݔ‬ * ‫ݕ‬ ∈ ܵ for any ‫,ݔ‬ ‫ݕ‬ ∈ ܵ.
A non-empty subset ‫ܫ‬ of a ‫-ܫܥܤ/ܭܥܤ‬algebra ܺ is called an ideal of ܺ if (i) 0 ∈ ‫ܫ‬ (ii) ‫ݔ‬ * ‫ݕ‬ ∈ ‫ܫ‬ and ‫ݕ‬ ∈ ‫ܫ‬ then ‫ݔ‬ ∈ ‫,ܫ‬ for all ‫,ݔ‬ ‫ݕ‬ ∈ ܺ.
The proposed work is done on intuitionistic fuzzy set. The formal definition of intuitionistic fuzzy set is given below:
An intuitionistic fuzzy set ‫ܣ‬ in a non-empty set ܺ is an object having the form For the sake of simplicity, we use the symbol form ‫ܣ‬ = (ܺ, ߤ , ߣ ) or (ߤ , ߣ ) for the intuitionistic fuzzy set ‫ܣ‬ = ‫,ݔ〈{‬ ߤ ‫,)ݔ(‬ ߣ ‫ݔ/〉)ݔ(‬ ∈ ܺ}.
The two operators used in this paper are defined as: If ‫ܣ‬ = (ߤ , ߣ ), is an intuitionistic fuzzy set, then,
For the sake of simplicity, we also use ‫ݔ‬ ∨ ‫ݕ‬ for ‫,ݔ(ݔܽ݉‬ ‫,)ݕ‬ and ‫ݔ‬ ∧ ‫ݕ‬ for ‫,ݔ(݊݅݉‬ ‫.)ݕ‬ Intuitionistic fuzzy subalgebra and intuitionistic fuzzy ideal are the extension of fuzzy subalgebra and fuzzy ideal which are defined below :
An intuitionistic fuzzy set ‫ܣ‬ = (ߤ , ߣ ) in ܺ, is called an intuitionistic fuzzy subalgebra [10] of ܺ if it satisfies the following two conditions:
An intuitionistic fuzzy set ‫ܣ‬ = (ߤ , ߣ ) in ܺ is called an intuitionistic fuzzy ideal [10] of ܺ, if it satisfies the following axioms:
In order to resolve the contradiction popped up in Huang's [8] definition of fuzzy ‫-ܫܥܤ‬algebra, Jun [9] introduced the definition of doubt fuzzy subalgebra and doubt fuzzy ideals in ‫/ܭܥܤ‬ ‫-ܫܥܤ‬algebras, which are as follows:
A fuzzy set ‫ܣ‬ = ‫,ݔ〈{‬ ߤ ‫:〉)ݔ(‬ ‫ݔ‬ ∈ ܺ} in ܺ is called a doubt fuzzy ideal [9] 
DOUBT INTUITIONISTIC FUZZY IDEALS IN BCK/BCI-ALGEBRAS
In this section, we define doubt intuitionistic fuzzy subalgebra and doubt intuitionistic fuzzy ideal in ‫-ܫܥܤ/ܭܥܤ‬algebras and investigate their properties.
Definition 3.1 Let
Theorem 3.2 Let ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy subalgebra of ܺ, then
Theorem 3.3 Let ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy subalgebra of a ‫/ܭܥܤ‬
‫-ܫܥܤ‬algebra ܺ. Then for any ‫ݔ‬ ∈ ܺ, we have
This proves the first part. Similarly, we can prove the second part.
(ii) Again, let ݊ be even, and ݊ = ‫.ݍ2‬
In a ‫-ܭܥܤ‬algebra, 0 * ‫ݔ‬ = 0. Hence we conclude the following proposition. Let ‫ܣ‬ = (ߤ , ߣ ) be an intuitionistic fuzzy set of ܺ as defined by: X 0 1 2 3 ߤ .5 .5 .6 .5 ߣ .5 .5 .3 .5
Then it can easily be verified that ‫ܣ‬ = (ߤ , ߣ ) is a doubt intuitionistic fuzzy subalgebra of ܺ.
Definition 3.6 Let
ܺ be a ‫-ܫܥܤ/ܭܥܤ‬algebra. An intuitionistic fuzzy set ‫ܣ‬ = (ߤ , ߣ ) in ܺ is called a doubt intuitionistic fuzzy ideal if * 0 1 2 3 0 0 0 0 0 1 1 0 0 1 2 2 1 0 2 3 3 3 3 0 (F1) ߤ (0) ≤ ߤ ‫,)ݔ(‬ ߣ (0) ≥ ߣ ‫)ݔ(‬ (F2) ߤ ‫)ݔ(‬ ≤ ߤ ‫ݔ(‬ * ‫)ݕ‬ ∨ ߤ ‫)ݕ(‬ (F3) ߣ ‫)ݔ(‬ ≥ ߣ ‫ݔ(‬ * ‫)ݕ‬ ∧ ߣ ‫,)ݕ(‬ for all ‫,ݔ‬ ‫ݕ‬ ∈ ܺ.
Theorem 3.7 Let an intuitionistic fuzzy set
‫ܣ‬ = (ߤ , ߣ ) in ܺ be a doubt intuitionistic fuzzy ideal of ܺ. If the inequility ‫ݔ‬ * ‫‬ ≤ ‫ݍ‬ holds in ܺ, then (i) ߤ ‫)ݔ(‬ ≤ ‫ߤ{ݔܽ݉‬ ‫,)(‬ ߤ ‫})ݍ(‬ (ii) ߣ ‫)ݔ(‬ ≥ ݉݅݊{ߣ ‫,)(‬ ߣ ‫.})ݍ(‬ Proof: Let ‫,ݔ‬ ‫,‬ ‫ݍ‬ ∈ ܺ be such that ‫ݔ‬ * ‫‬ ≤ ‫ݍ‬ then ‫ݔ(‬ * ‫)‬ * ‫ݍ‬ = 0 and thus, ߤ ‫)ݔ(‬ ≤ ‫ߤ{ݔܽ݉‬ ‫ݔ(‬ * ‫,)‬ ߤ ‫,})(‬ ≤ ‫ߤ{ݔܽ݉{ݔܽ݉‬ ‫ݔ((‬ * ‫)‬ * ‫,)ݍ‬ ߤ ‫,})ݍ(‬ ߤ ‫})(‬ = ‫ߤ{ݔܽ݉{ݔܽ݉‬ (0), ߤ ‫,})ݍ(‬ ߤ ‫})(‬ = ‫ߤ{ݔܽ݉‬ ‫,)ݍ(‬ ߤ ‫})(‬ Therefore, ߤ ‫)ݔ(‬ ≤ ‫ߤ{ݔܽ݉‬ ‫,)(‬ ߤ ‫.})ݍ(‬ ‫,݊݅ܽ݃ܣ‬ ߣ ‫)ݔ(‬ ≥ ݉݅݊{ߣ ‫ݔ(‬ * ‫,)‬ ߣ ‫,})(‬ ≥ ݉݅݊{݉݅݊{ߣ ‫ݔ((‬ * ‫)‬ * ‫,)ݍ‬ ߣ ‫,})ݍ(‬ ߣ ‫})(‬ = ݉݅݊{݉݅݊{ߣ (0), ߣ ‫,})ݍ(‬ ߣ ‫})(‬ = ݉݅݊{ߣ ‫,)ݍ(‬ ߣ ‫})(‬ = ݉݅݊{ߣ ‫,)(‬ ߣ ‫})ݍ(‬ Therefore, ߣ ‫)ݔ(‬ ≥ ݉݅݊{ߣ ‫,)(‬ ߣ ‫.})ݍ(‬ This completes the proof.
Corollary 3.8 If ‫ܣ‬ = (ߤ , ߣ ) is a doubt intuitionistic fuzzy ideal of ܺ, then for any
Proposition 3.9 Let ‫ܣ‬ = (ߤ, ߣ) be a doubt intuitionistic fuzzy ideal of a ‫-ܫܥܤ/ܭܥܤ‬algebra ܺ.Then the followings hold for all ‫,ݔ‬ ‫,ݕ‬ ‫ݖ‬ ∈ ܺ, 
This shows that, ‫ܣ‬ = (ߤ , ߣ ) is a doubt intuitionistic fuzzy subalgebra of ܺ. Thus ‫ܣ‬ is a doubt intuitionistic fuzzy ideal of ܺ as well as doubt intuitionistic fuzzy subalgebra of ܺ.
The converse of Theorem 3.10 may not be true, to justify it let us consider the Example 3.5.
is not a doubt intuitionistic fuzzy ideal. We now give a condition for the intuitionistic fuzzy set ‫ܣ‬ = (ߤ , ߣ ) which is a doubt intuitionistic fuzzy subalgebra of ܺ to be a doubt intuitionistic fuzzy ideal of ܺ.
Theorem 3.12 Let an intuitionistic fuzzy set ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy subalgebra of ܺ. If the inequiality ‫ݔ‬ * ‫ݕ‬ ≤ ‫ݖ‬ holds in ܺ, then ‫ܣ‬ would be a doubt intuitionistic fuzzy ideal of ܺ.
Proof: Let ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy subalgebra of X. Then from Theorem 3.2, ߤ (0) ≤ ߤ ‫)ݔ(‬ and ߣ (0) ≥ ߣ ‫,)ݔ(‬ where ‫ݔ‬ ∈ ܺ. As ‫ݔ‬ * ‫ݕ‬ ≤ ‫ݖ‬ holds in ܺ, then from Theorem 3.7, we get,
Proposition 3.13 Let an intuitionistic fuzzy set ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy ideal
of a ‫-ܫܥܤ/ܭܥܤ‬algebra ܺ. Then ߤ (0 * (0 * ‫))ݔ‬ ≤ ߤ ‫)ݔ(‬ and ߣ (0 * (0 * ‫))ݔ‬ ≥ ߣ ‫,)ݔ(‬ for all ‫ݔ‬ ∈ ܺ.
Proof:
Theorem 3.14 Let ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy ideal in ܺ. Then so is ‫ܣߎ‬ = ‫,ݔ〈{‬ ߤ ‫,)ݔ(‬ ߤ̅ ‫ݔ/〉)ݔ(‬ ∈ ܺ}.
Proof: Since ‫ܣ‬ = (ߤ , ߣ ) is a doubt intuitionistic fuzzy ideal of ܺ, then ߤ (0) ≤ ߤ ‫)ݔ(‬ and
Theorem 3.15 Let ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy ideal in ܺ. Then so is
Proof: Proof: Let ‫ܣ‬ = (ߤ , ߣ ) be a doubt intuitionistic fuzzy ideal of ܺ. Then it is obvious that ߤ is a doubt fuzzy ideal of ܺ. And from Theorem 3.15, we can prove that ߣ ̅ is a doubt fuzzy ideal of ܺ. Conversely, let ߤ be a doubt fuzzy ideal of ܺ . Therefore 
Then the sets, ‫ܦ‬
Therefore, ‫ܦ‬ ఓ ಲ is an ideal of ܺ. Following the same way we can prove that ‫ܦ‬ ఒ ಲ is also an ideal of ܺ. 
Theorem 3.22 Union of any two doubt intuitionistic fuzzy ideals of X, is also a doubt intuitionistic fuzzy ideal of X.
Proof: Let ‫ܣ‬ = (ߤ , ߣ ) and ‫ܤ‬ = (ߤ , ߣ ) be two doubt intuitionistic fuzzy ideals of ܺ. Again let, ‫ܥ‬ = ‫ܣ‬ ∪ ‫ܤ‬ = (ߤ , ߣ ), where ߤ = ߤ ∨ ߤ and ߣ ொ = ߣ ∧ ߣ . Let ‫,ݔ‬ ‫ݕ‬ ∈ ܺ, then, 
